Based on the Bardeen Cooper Schrieffer (BCS) theory of superconductivity, the coherent splitting of Cooper pairs from a superconductor to two spatially separated quantum dots has been predicted to generate nonlocal pairs of entangled electrons. In order to test this hypothesis, we propose a scheme to transfer the spin state of a split Cooper pair onto the polarization state of a pair of optical photons. We show that the produced photon pairs can be used to violate a Bell inequality, unambiguously demonstrating the entanglement of the split Cooper pairs.
I. INTRODUCTION
Entanglement [1] , i.e., correlations between parts of a quantum system that defy any classical description, lies at the heart of quantum mechanics. It is the basis for many applications of quantum information theory, such as quantum teleportation [2] , quantum computing [3] , quantum cryptography [4] , and quantum metrology [5] . The first experimental demonstration of entanglement has been achieved by violating Bell's inequality [6] with polarization-entangled optical photon pairs generated during spontaneous parametric down-conversion in a nonlinear crystal [7] . In many applications, it is desirable to have a source of entangled pairs of spatially separated particles. Such pairs are called EPR pairs in reference to the seminal work of Einstein, Podolsky and Rosen on the completeness of quantum mechanics [8] .
Compared to quantum optical scenarios, the generation of electronic EPR pairs is rather challenging. EPR pairs of electrons are nonetheless highly desirable because an ondemand generation of such pairs would facilitate certain quantum communication tasks in solid-state devices [9] . Theoretically, a conventional s-wave superconductor provides a natural source for electronic EPR pairs [10-16, 18, 19] : the electrons in a BCS superconductor form spin singlet Cooper pairs in the ground state. Following theoretical proposals [11, 12] , the coherent splitting of Cooper pairs, originating from a superconducting electrode, into two spatially separated electrons on neighboring quantum dots (QDs) has recently been demonstrated experimentally [13] [14] [15] . While measurements of the current flowing out of the QDs have indeed demonstrated the splitting of Cooper pairs, the detection of the spin entanglement of the expected electronic singlet state has so far remained elusive.
Detecting the entanglement of electronic EPR pairs is not as straightforward as it is with their counterparts in quantum optics. Several works [17, 18, 20, 21] propose to violate a Bell-type inequality with current noise measurements. However, this will require accurate measurements of the crosscorrelations between the currents from the two QDs. A measurable signal only emerges if these currents are large enough, i.e., for a strong coupling of the QDs to the measurement device ("open quantum dots"). This conflicts with the requirement of isolating the QDs from the environment ("closed quantum dots"), which is necessary for splitting Cooper pairs coherently in the first place. Moreover, most existing propos- als involve the use of strong ferromagnets and complex sample geometries, and neglect (possibly long-range) electronelectron interactions when computing the current-current correlations. As shown in Ref. [22] , such interactions can reduce the measured entanglement signal. Another approach, which is closest in spirit to our work, is taken in [23, 24] . These authors investigate the possibility to transfer electron spin entanglement to photon polarization states. These particular schemes however, suffer from a low detection efficiency and require the use of additional quantum resources to generate a pure two-photon state [25] .
Our proposal avoids the above difficulties by converting the spin entanglement of a single Cooper pair into polarization entanglement of a single pair of optical photons and requires only classical resources such as laser drives and tunable gate voltages. Because photons do not interact with each other, photonic entanglement is more robust to perturbations than electronic entanglement, and can be detected using standard Bell-type measurements. As our entanglement transfer scheme involves only local operations, there can be no doubt that the entanglement ultimately measured stems from the split Cooper pair. Since our scheme does not involve the measurement of electronic currents, it works even in closed QDs. Finally, we show that the entanglement transfer can be carried out on time scales small compared to T 2 , the intrinsic coherence time of the QDs (see Appendix F).
II. SETUP
Let us first present our proposed experimental setup in more detail. A schematic drawing of a possible realization is shown in Fig. 1 . Our starting point is the typical setup for Cooper pair splitters, i.e., a superconductor which is tunnel coupled to two nearby QDs [11] . The spacing between the QDs should be smaller than the superconducting coherence length and the QDs are assumed to be in the Coulomb blockade regime such that adding an electron to the QDs requires a large charging energy U. The onsite energies of the QDs can be tuned via gate voltages. Splitting a Cooper pair into a singlet state shared between the two QDs becomes energetically possible if the total energy of the singlet state coincides with the chemical potential of the superconductor. Both QDs are embedded into optical cavities that serve as frequency filters allowing only certain desired optical transitions. The small distance between the QDs rules out conventional optical cavities, but photonic crystal cavities are nowadays easy to manufacture at the required length scales and can have optical linewidths and frequencies compatible with our proposal [29] . Moreover, cavities with high quality factors and directional out-coupling of photons into a narrow solid angle for high-efficiency collection have been fabricated [26] [27] [28] and self-assembled QDs have been successfully embedded into photonic crystals in several experiments [29] [30] [31] .
III. ENTANGLEMENT TRANSFER SCHEME
We will now present our scheme for transferring the spin entanglement of a Cooper pair onto the polarization state of a photon pair. For simplicity, we discuss a left-right symmetric setup. To be specific, we assume that the QDs are realized as self-assembled GaAs QDs. The relevant electronic levels are thus generated from the light-hole (lh) and heavy-hole (hh) bands forming the valence band, as well as the conduction band (cb). The energy difference between the hole bands ∆E = E hh − E lh is of the same order as the superconducting gap ∆, whereas the transition frequency between the valence band and the conduction band is in the optical frequency range [32] . Moreover, we assume that a weak magnetic field is applied which causes a Zeeman splitting ∆ Z (with |∆ Z | ∆, ∆E) of all electronic levels.
The entanglement transfer can be split into initialization and three phases, which we discuss next. A schematic level diagram along with the essential steps of our scheme is shown in Fig. 2 .
Initialization: Initially, the gate voltages of the QDs are tuned in such a way that the lowest light-hole states on each QD, |lh, ↓ L and |lh, ↓ R , are occupied. Furthermore the heavyhole level resides in the superconducting gap but is detuned with respect to the chemical potential of the superconductor. Phase 1: The splitting of a Cooper pair is achieved by tuning the gate voltages to bring the heavy-hole level into resonance with the chemical potential of the superconductor. Single-particle tunneling is suppressed due to the large superconducting gap. Furthermore, the large onsite Coulomb interaction in the QD suppresses the tunneling of both electrons of a Cooper pair onto the same QD. The Cooper pair splitting process, where one electron tunnels to each QD, is thus the dominant process [11] . When the separation between the QDs is much smaller than the superconducting coherence length, the Cooper pair splitting rate is (see Appendix A)
Here, w L (w R ) denotes the electronic tunnel amplitude between the superconductor and the left (right) QD and ρ 0 denotes the normal-state density of states of the superconductor. If Γ c 1/T 2 , where T 2 is the intrinsic coherence time of the QDs, this process is coherent and leads to Rabi oscillations between the superconductor and the heavy-hole states on the QDs. Ideally, after half a period, the double-QD is occupied by a singlet state and the oscillation is stopped by detuning the heavy-hole level away from resonance.
Phase 2: Next, the electrons in the QDs are excited from the heavy-hole to the conduction band. This is achieved by switching on a strong drive laser on each of the two QDs, with frequency ω drive ≈ E cb − E hh . A linearly polarized drive can be used, which induces spin conserving transitions. After half a Rabi period the laser is switched off, having lifted the singlet state into the conduction band levels. If the Zeeman splittings of the heavy hole and conduction bands differ, one may use two drive lasers per QD to satisfy the resonance conditions for the two different transition frequencies simultaneously. The duration of this step is inversely proportional to the drive strength and can thus be made fast compared with T 2 .
Phase 3: The resonance frequencies of the two optical cavities are chosen to be close to the transition frequency between the conduction band and the light-hole band, ω cav ≈ E cb − E lh . Furthermore, the cavity linewidth κ is assumed to be much smaller than the frequency separation between the light-and heavy-hole bands, i.e., κ (E hh − E lh )/ . There-fore, the decay of the conduction band electrons into the lighthole band due to the dipole coupling of strength g between electrons and photons, will be strongly enhanced, whereas the decay into heavy-hole states is suppressed. Since the lowest light-hole state |lh, ↓ is always occupied, a conduction band electron in the states |cb, ↑ or |cb, ↓ can only transition to the empty |lh, ↑ state via the emission of a linearly or circularly polarized photon, respectively. To investigate these three phases, we have numerically solved the Schrödinger equation for the full system in the coherent limit κ → 0 (see Appendix B). Figure 3 shows the evolution during each phase of the occupation of the electronic levels and the cavity mode for an optimal choice of the drive strengths and drive durations. In the limit κ → 0, the emitted photons undergo coherent oscillations between the QD and the cavity. Ideally, after half a Rabi period ≈ π/(2g), the electrons in both QDs occupy the |lh, ↑ states while the electronic entanglement has been transferred to the photons.
IV. PHOTON EXTRACTION AND BELL TEST
In a real experiment, the photons need to be extracted from the cavities for measurement. This is achieved by coupling each cavity to a continuum of modes, e.g., as provided by a waveguide. Hence, the cavity acquires a finite loss rate κ > 0. As discussed further below, we will focus on the weak coupling limit, where g κ. In this limit, the coherent oscillations are suppressed and the photons are emitted into the continuum on a time scale ∝ κ/g 2 . Once both photons have been emitted, the electronic singlet has been transferred onto a two-photon state, ideally given by
Here |ω p , p , with p ∈ { , }, represents the photon states emitted into the continuum modes with either linear ( ) or circular ( ) polarization, and ω p denotes the corresponding transition frequency. Importantly, because of the finite linewidth of the electronic levels, the emitted photons are spread out in frequency. Let us characterize the frequency overlap by ε = 1 − | ω |ω | 2 . The normalization of the above photonic state |ψ ph is then given by N = (1 + ε) −1/2 . As we show next, the entanglement of the state (1) can be detected by standard polarization measurements, as long as ε is below a certain threshold value.
The density matrix of the polarization degree of freedom is obtained by tracing ρ ph = |ψ ψ| ph in Eq. (1) over the frequency degree of freedom,
where we have introduced the shorthand notation | , ≡ | L ⊗ | R and similar for the other two-photon polarization states. In the limit ε → 1, corresponding to distinguishable frequencies, the state (2) is separable: ρ pol = Numerically calculated time evolution, in the coherent limit κ → 0, of the occupation probability of various electronic and photonic modes. At the end of phase one, marked by t 1 = π/2Γ c , the electronic occupation per spin in the heavy-hole band reaches its maximum (≈ 0.5). During phase two, between t 1 and t 2 , the electronic population is transferred from the heavy-hole band to the conduction band. Once the conduction band is occupied the electrons can transition from the conduction band to the light-hole band by emitting photons into the cavity. At the end of phase three, marked by t 3 , the electronic system is in the product state |ψ el ≈ |lh, ↑ L |lh, ↑ R , and the entanglement has been transferred to the photonic degree of freedom (see text and Fig. 6 ).
In the other limit ε → 0, corresponding to indistinguishable frequencies, the state (2) is maximally entangled:
To obtain the latter expression, we have decomposed the circularly polarized state as a superposition of two orthogonal linearly polarized states | = (| +i |↔ )/ √ 2. Thus, depending on the value of ε, the polarization degree of freedom may or may not be entangled.
An experimentally accessible way of demonstrating entanglement in polarization is provided by the violation of the Clauser-Horne-Shimony-Holt (CHSH) variant of Bell's inequality [33] ; by now a standard technique of quantum optics [7] . In our case, we find that ρ pol violates the CHSH in- equality if (see Appendix C)
To relate ε with the parameters of our model, we use the Weisskopf-Wigner (WW) theory [34] of the Purcell effect, which allows us to derive analytically the state of the photons emitted into the continuum by the electronic system via the cavity. The relevant part of the level scheme is depicted in Fig. 4 . We consider the zero-temperature limit where the cavity is initially empty. In each QD, the problem then separates into two independent Purcell emission processes, corresponding to transitions from the conduction band levels |cb, ↑ and |cb, ↓ into the unoccupied light-hole state |lh, ↑ (blue and red arrows in Fig. 4 ). For each of these transitions, the photon emission process can be described by the Jaynes-Cummings Hamiltonian [35] , where the cavity mode is coupled to a bosonic quasi-continuum. Within the WW theory, the associated Schrödinger equation can be solved analytically (see Appendix D) and the solution is given by
Here |n, m, {s k } denotes a state with n electrons in the conduction band level, m photons in the cavity mode and s k photons with momentum k in the continuum (|{0} denotes the vacuum state of the continuum). Since we want to extract the photons quickly and avoid coherent oscillations between the cavity and the electrons, we focus on the weak-coupling, nearresonant regime where g, |δ| κ. Here δ = ω cav − ω 0 is the detuning of the cavity mode ω cav from the spin-conserving and spin-flipping electronic transitions with frequencies
At long time t κ/g 2 , c e (t) and c a (t) vanish (see Fig. 5 ), while the amplitude of the emitted photon C k (t) asymptotically goes towards (see Appendix D)
where
, ω k is the photon frequency in the continuum, and ν 0 is the coupling constant between the cavity mode and the continuum. The state of the emitted photon can be written as
In the long time limit, the distribution of the emitted photons is centered on the frequency ω 0 and its width is determined by the Purcell rate κ 0 , because this is the smaller of the two rates κ c and κ 0 . Equation (5) allows us to evaluate the overlap in frequency of two photons emitted during the spin-conserving and spinflipping transitions. For ∆ Z κ 0 , we can expand to leading order in |ω − ω |/κ 0 and find
Hence, from Eqs. (3) and (7), we find that the state of the emitted photons is entangled in polarization if
Thus, if the linewidth of the conduction band levels induced by the Purcell effect is larger than the Zeeman splitting of the conduction band doublet, it is possible to violate Bell's inequality, thereby demonstrating the entanglement of the split Cooper pair.
V. SENSITIVITY TO IMPERFECTIONS
So far we have discussed the ideal case without any imperfections. To quantify the sensitivity of the proposed scheme to realistic parameter variations, we use the numerical simulations for the coherent system (κ → 0). In this case, the irreversible Purcell emission in phase three is replaced by coherent Rabi oscillations between the electronic system and the cavity (see Fig. 3 ). After half-integer multiples of the Rabi period, the photonic state in the cavities is ideally given by Eq. (1). The fidelity of the actually generated photonic state computed numerically with this ideal state is shown in the top panel of Fig. 6 . To quantify the entanglement of the photonic state generated in the cavity, we compute its logarithmic negativity [36] . This is shown in the bottom panel of Fig. 6 . Both the fidelity and the logarithmic negativity are shown as a function of the asymmetry of the electron-photon coupling strengths for the two polarizations g /g and as a function of the detuning δE lh between the cavity mode and the electronic Lower panel: Logarithmic negativity of ρ ph as a function of photon coupling asymmetry g /g and detuning δE lh = ω − (E cb − E lh ) between the cavity resonance and the electronic transition frequency. The larger the value of the logarithmic negativity, the more entanglement is present.
transition frequency between conduction band and light-hole band. We stress that since only local unitary operations are applied to each QD, the positivity of the logarithmic negativity of the photonic state bears witness to the entanglement of the split Cooper pair. As expected, the optimal entanglement transfer takes place closest to resonance and for equal coupling strengths. However, sizeable and detectable photon entanglement remains even away from the optimal point. In Appendix E, we further show that photonic entanglement persists even in the presence of finite electronic relaxation.
VI. CONCLUSION
In conclusion, we have proposed a hybrid electro-optical scheme to detect entanglement of split Cooper pairs. By mapping the spin entanglement of electrons to the polarization entanglement of optical photons, we avoid several difficulties of previous proposals. Our scheme can be implemented with existing state-of-the-art technology: a photonic crystal cavity with coupling strength g ≈ 20 GHz [29] and linewidth κ ≈ 100 GHz leads to g 2 /κ ≈ 4 GHz. This exceeds the Zeeman splitting ∆ Z ≈ 0.1 GHz corresponding to a magnetic field of 10 mT. With a typical Cooper pair splitting rate of Γ c ≈ 2 GHz [14] , the entire entanglement transfer can thus be performed fast compared to typical decoherence rates, 1/T 2 ≈ 0.01 GHz [37] . Our scheme can thus be used to verify the entanglement-preserving nature of the Cooper pair splitting process [13] ; a crucial step towards realizing a reliable source of electronic EPR pairs in the solid state.
We would like to acknowledge stimulating discussions with Christoph Bruder. This work was financially supported by the Swiss SNF and the NCCR Quantum Science and Technology. In this appendix, we present a systematic derivation of the Cooper pair tunneling rate using the Schrieffer-Wolff (SW) transformation. The system under investigation is described by the Hamiltonian H = H SC + H L + H R + K SC−QD , where
describes a conventional BCS superconductor. Here, γ kσ is the quasiparticle annihilation operator (with momentum k and spin σ ∈ {↑, ↓}), which is defined by γ kσ |BCS = 0, where |BCS denotes the BCS ground state. The quasiparticle energies are given by E k = ξ 2 k + ∆ 2 , where ∆ is the superconducting gap and ξ k is the normal-state single-electron energy as measured from the chemical potential of the superconductor (henceforth set to zero).
Only the electronic states in the heavy-hole (hh) band of the quantum dots are included in the derivation of the Cooper pair tunneling rate. States in the light-hole and conduction bands can be safely ignored due to their larger detuning from the superconductor's chemical potential. The Hamiltonian describing the quantum dots is
where σ ∈ {↑, ↓} = {+, −} and α ∈ {L, R} denotes the left and right quantum dots, respectively. Moreover, n ασ ) operators for the electrons in the heavy-hole bands. For simplicity, we have assumed that the left and right quantum dots have the same orbital and Zeeman energies. Furthermore, the quantum dots are assumed to be in the Coulomb blockade regime, so double occupancy of the heavy-hole bands is forbidden. The tunnel coupling between the superconductor and the quantum dots is described by
where w α is the corresponding electron tunneling amplitude and ψ † σ (r α ) creates an electron (with spin σ) at position r α in the superconductor. Going to momentum space, we can express the tunnel coupling in terms of the electron creation (d † kσ ) and annihilation (d kσ ) operators for the superconductor, which are related to the quasiparticle operators via the Bogoliubov transformation
Here,
We express the original Hamiltonian as H = H 0 + K SC−QD . We wish to determine a unitary transformation U = e −S that eliminates K SC−QD to linear order in w α . Choosing the antiHermitian operator S ∼ O(w α ) such that
the transformed Hamiltonian becomes, to second order in w α /∆
The solution of (A5) is given by
The effective Hamiltonian at low temperatures and for large Coulomb repulsion is then obtained by projecting H SW onto the subspace where all quasiparticle states are empty and the two heavy-hole states of a given quantum dot contain at most one electron. To second order in w α , we obtain
where δr = r L − r R . The first term in the brackets describes the coherent Cooper pair splitting while the second and third terms describe an effective spin-conserving inter-dot coupling. We note that the latter two terms are suppressed by a small factor ∆ Z /∆ 1 compared to the first one, and therefore can be safely ignored. The sum over k can be performed by linearizing the spectrum around the Fermi energy and using u k v k = ∆/(2E k ). The effective Hamiltonian can then be written as
Here, k F is the Fermi momentum, ξ is the superconducting coherence length, ρ 0 is the normal-state density of states at the chemical potential of the superconductor, and
On resonance, i.e., for E (hh) = 0 and in the limit δr/ξ → 0, Eq. (A11) reduces to the expression given in the main text.
Appendix B: Numerical simulation
To describe the dynamics of our entanglement transfer scheme, we use a real-time simulation of the system from the initial emission of the Cooper pair into the quantum dots to the final emission of the polarization entangled photons into the cavities. We will distinguish three phases:
In phase one, we use the gates to load a singlet into the heavy-hole state of the quantum dots. This phase is described by the Hamiltonian,
, where (for α ∈ {L, R}, σ ∈ {↑, ↓} = {+, −}, and ν ∈ {cb, hh, lh}),
The left and right dots are described by the Hamiltonians H α , which contain the different Zeeman-split orbital energies, E ασ and the total number of particles on a given dot is denoted by n α = νσ n (ν) ασ . The amplitude of the proximity coupling Γ c can be found using a Schrieffer-Wolff transformation, see Eq. (A11). It is the dominant coupling mechanism near resonance, i.e., for
= 0, because all other possible tunneling terms between the superconductor and the quantum dots are strongly suppressed for large U or ∆. The Hamiltonian H dip (t) describes a time-dependent shift of the onsite energies, and will be used to establish the resonance condition for half a Rabi period, f (t) ≈ −E (hh) Θ(t)Θ(t 1 − t), where Θ(t) denotes the Heaviside function. At time t 1 = π/(2Γ c ), there is a high probability that a singlet occupies the quantum dots.
In phase two, the singlet state is pumped from the heavyhole band into the conduction band, and in phase three, the conduction band electrons transition to the light-hole band emitting photons. These phases are governed by the Hamiltonian H 2,3 = α (H α + H α,ph + H α,transfer + H α,drive ), where
ασ + h.c.,
For the numerical simulation, we use two optical cavity modes with linear and circular polarizations and frequencies ω and ω , respectively, to simulate the effect of a single cavity mode with a nonzero linewidth. The cavity modes are described by H α,ph . The drive Hamiltonians H α,drive (t) model the effect of a drive laser with frequency ω drive ≈ E (cb) − E (hh) and causes spin-conserving Rabi oscillations between the heavy hole and conduction band. We assume that its amplitude has the form A drive (t) = A 0 Θ(t − t 1 )Θ(t 2 − t), where t 2 − t 1 ≈ π/(2A 0 ) is about half a Rabi period. Note that in order for the drive to efficiently transfer both spin states of the heavyhole doublet, the width of its frequency spectrum ∼ A 0 should be larger than the detuning due to different Zeeman splittings in the heavy hole and conduction bands. Alternatively one may use two narrow bandwidth lasers tuned on resonance with each transition. At the end of phase two (at t = t 2 ), the singlet state will then reside in the conduction band.
Once the conduction band is occupied, the electrons can transition from the conduction band to the light-hole band by emitting photons into the cavity. This is described by the coupling Hamiltonian H α,transfer , which leads to Rabi oscillations between the electrons and the cavity photons. In this process, the electron may (or may not) flip its spin, thereby emitting a circularly (linearly) polarized photon. Importantly, we assume that the gate voltages ensure that the lowest heavy-hole state at energy E (lh) ↓ is always occupied, so that transitions into this state are blocked due to Pauli exclusion principle. For the numerical simulation, we assume that the photon frequencies are close to resonance with the respective transitions, i.e.,
. Again, after half a Rabi period π/(2g) (at time t = t 3 ), ideally the electronic system is in the product state |ψ el ≈ |lh, ↑ L |lh, ↑ R , whereas the photon degree of freedom should now be entangled.
A plot of the numerical result is shown in Fig. 6 of the main text. It shows the transfer of electron population between the heavy-hole band at the beginning (t = t 1 ) and the light-hole band at the end (t = t 3 ) for an optimal choice of drive durations and strengths. Moreover, it shows an increase in the photon occupation of the cavities, which are assumed to be empty before the beginning (t = t 1 ), towards the end of phase three (t = t 3 ). Using these numerical results, it is convenient to quantify the entanglement in the final state by calculating the logarithmic negativity of the photon state. The logarithmic negativity is given by E N (ρ ph ) = log 2 (||ρ T L,R ph || 1 ), where ρ ph = tr el ρ tot denotes the density matrix of photons, and T L,R means partial transposition with respect to either subsystem L or R. We investigated the logarithmic negativity in the final photon state as a function of the ratios g /g and δE lh (see Fig. 6 of the main text).
Let us stress that the entanglement witnessed by the positive values of the logarithmic negativity can only stem from the entanglement of the split Cooper pair, since only local unitary operations are performed on the two subsystems.
Appendix C: CHSH inequality and entanglement of ρ pol The CHSH variant of Bell's inequality used in this work to demonstrate entanglement is expressed in terms of the photon polarization correlation function
An appropriate choice for the operators L, L , R and R is conveniently given by κ ≈ 100 GHz, leads to an induced bandwidth of g 2 /κ ≈ 4 GHz for the conduction band levels. The Zeeman splitting for a magnetic field strength of 10 mT is ∼ 0.1 GHz. Thus for these parameters by using a magnetic field which is weaker than 10 mT, Bell's inequality can be violated. A typical intrinsic coherence time of the self-assembled quantum dots is T 2 ∼ 0.1 µs (1/T 2 ∼ 0.01 GHz) [37] . A typical value of Cooper pair splitting rate is Γ c ≈ 2 GHz [14] . Thus the various conditions (g 2 /κ ∆ (cb)
Z , g/κ 1, g 2 /κ 1/T 2 , and Γ c 1/T 2 ) essential for demonstrating entanglement in our scheme, can be satisfied with current technology.
